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ABSTRACT. The metaplectic representation describes a class of automorphism of the Heisen-
berg group H = H(G), defined for a locally compact abelian group G. For G = R?, H is
the usual Heisenberg group. For the case when G is the finite cyclic group Z,, only par-
tial constructions are known. Here we present new results for this case and we obtain an
explicit construction of the metaplectic operators on C™. We also include applications to
Gabor frames.

1. INTRODUCTION

The metaplectic representation, also called oscillator representation or Segal-Shale—Weil
representation, is concerned with a class of automorphisms of the Heisenberg group H =
H(G), where G is a locally compact abelian group [18, 22]. The important case G = R,
where H is the usual Heisenberg group, has been investigated by numerous researchers, we
refer to [10, 15, 17]. Here we describe the metaplectic representation for the case when
G = 7Z,, the finite cyclic group of order n. In this case the metaplectic transformations are
operators on vectors in C". For developments in this direction, see [1, 3, 16, 20] and [21]
with its extensive list of references. The important new features of our approach are:

e Our approach works for general n, not limited to the case when Z,, is a field.

e The results found in the literature provide explicit formulas only for special cases; we
present a general and explicit construction.

e We use chirp functions defined for general n (even or odd), see Section 2.

We consider vectors in C™ as functions on the cyclic group Z,, = Z/nZ = {0,1,...,n—1}.
In particular, all computations of the indices are modulo n. The (cyclic) translation and
modulation operators on C" are defined by

Tyo(m) =v(im—k), kée€Z,,

, veC
Muw(m) = > ™M y(m), 1€ Ly,
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Their combination, called time-frequency shift operator, is denoted by

m(\) = Tp M, A= (k1) € Zy, X Zy,.
Let T = {r € C: |7| = 1} denote the circle group. The commutation relation
(1) MTy, = ¥ T M, k)l € Zy,

entails that the composition of time-frequency shift operators is given by

T(A\)m(N) = 2 RN (X 4\, where kK = <(1) 8),
and the inverse is 7(\) 7! = 2™ #N/mr(—)). The family of operators
H, ={t7(\): N€Zy x Ly, T€T}={1T\;M;: k,l €Z,, 7€ T}

is thus a group under composition, the (reduced) Heisenberg group H,, = H(Z,,) over Z,. The
Heisenberg group on Z, is used, e.g., for finite approximations of continuous-time systems
in quantum theory and time-frequency analysis [8, 13]. The metaplectic representation is
concerned with a class of automorphisms of H,,.

By My 2(Z,,) we denote the set of 2 x 2 matrices with elements in Z,. The special linear
group SLy(Z,,) consists of all matrices in My 5(Z,,) with determinant 1 (computed modulo n).
A is called symmetric if A = AT, where AT is the transposed of A.

Definition 1. (i) Given A = (2%) € My(Z,,), we define 0 = o4 € Ma2(Z,) by

T o ac be
(2) o4 :=A"KA K_(ad—l bd)’

with x given above. Observe that o, is symmetric if and only if A € SLy(Z,,), cf. Section 6.
(ii) Let 0 € My s(Z,,) be symmetric. A function ¢: Z,, x Z, — T that satisfies

(3) w()\ + )\/) _ "/}()\)@ZJ()‘/) 62m<)"")‘/>/”, )\7 )\/ e Zn > Zn,
is called a second degree character associated to o, see Section 2.

We are concerned with automorphisms of H,, that are based on the transformation
T(A) — w(AN), A E Ly X L,

for some A = (¢b) € Mys(Z,), i.e., on the modification of time-frequency shift parameters
(k,1) — (ak 4 bl,ck + dl). The next result is the concrete version for H,, of what is known
in a more general framework [22], [18, Sec. 4.1].
Proposition 1. Given A = (2%) € Myo(Z,), suppose that the mapping

Tr(A) — TY(N) T(AN), ANE Ly X Ly, e,

TTiM; — 7Yk, ) Tagror Mekrar, k.l € Zn,

is an automorphism of H,, for some assignment ¢: Z, X Z, — T. Then A belongs to
SLy(Zy,) and ¢ is a second degree character associated to o 4.
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Proof. Since the given mapping is a homomorphism, the image of the operator product
T(AN)m(N) = 2 AN g (XN XY s 2N (1 MY (AX 4 AN)
must coincide with the composition of the images
BN T(AN) (V) m(AN) = 2NN ()N )r (AN + AX).
Therefore 1) satisfies

(4) YA+ N) 27 (ANRAN) /. =2mi(ARX ).
LIOVECY

i.e., (3) holds with o = 04 given in (2). In particular, o is necessarily symmetric, since the

left-hand side of (4) is invariant when A and )\ are interchanged. As observed above if o is

symmetric it implies A € SLy(Z,,). O

NN € Zy X T,

Remark 1. The proposition describes a class of automorphisms of H,, that is important for
many applications, such as the modification of Gabor frames described in Section 5. It is
readily shown that this class precisely consists of those automorphisms that leave multiples
of the identity operator invariant, i.e., that keep the center {rid: 7 € T} of H, pointwise
fixed.

Metaplectic operators on C" are unitary operators U that intertwine the automorphisms
of the Heisenberg group H,, described in Proposition 1. That is, they satisfy

5 Ur(NU™ = oA\ 7(AX),  AEZn X Ty i,
UT MU = (k) Tuprt Megorars k.l € Zn,

for given A = (2b%) € SLy(Z,) and a second degree character ¢ associated to 0 = 04. In
this paper we provide an explicit construction of the metaplectic operators on C".

The paper is arranged as follows. In Section 2 we discuss and construct second degree
characters. The main result is presented in Section 3, with preliminary lemmas given in
Section 4. In Section 5 we mention applications to Gabor frames and Section 6 contains
final remarks.

2. SECOND DEGREE CHARACTERS

The notion of second degree characters on a locally compact abelian (Ica) group was
introduced in [22], see also [18, Sec.3.2]. Given an lca group G, a bicharacter is a continuous
mapping B: G x G — T such that B is a character when one of the two arguments is fixed.
A second degree character associated to B is a continuous mapping ¢): G — T such that

(6) Ul + ') =p(@)(@)Bx,2'), w2 €G.
Second degree characters are used in cohomology theory as transfer functions for symmetric
multipliers (2-cocycles); the corresponding bicharacter is the multiplier. A general existence

result for second degree characters is obtained by Mackey’s technique of induced represen-
tation, see [2, p.308] or [18, p.37] for a concise proof. We derive a more explicit description
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suitable for our approach. We note, if one second degree character for a given bicharac-
ter is constructed, then all others associated to the same bicharacter are obtained easily as
described in the next remark.

Remark 2. (i) If two second degree characters 11, ¢ are associated to the same bicharacter,
then 1y = x1); for some character x. Indeed it follows from (6) that the quotient y := /11
is a homomorphism and thus it is a character.

(ii) The second degree characters associated to the trivial bicharacter identical one are just
the usual characters. Indeed, in this case (3) reduces to the homomorphism property.

We have briefly discussed the notion of second degree characters for general lca groups.
Now we mention some concrete cases.

e On G = R a bicharacter is of the form B(t,t') = e?™*t* t ¢’ € R, for some s € R.
The function ¥ (t) = ™5, t € R, is an associated second degree character.

e More generally, let G be a self-dual group where the doubling of elements z — = + x
is invertible. A bicharacter is of the form B(z, ') = (z, cx’), with the usual pairing
of an element of the group and an element of the dual group, where ¢ is a symmetric
homomorphism from G into the dual group. Then one associated second degree
character is constructed easily by ¢(x) = (2,27 cx) where 27! denotes the inverse
of doubling. For example, this construction can be used for G = R? d > 1, and for
G = 7Z,, when n is odd (the multiplicative inverse of 2 is (n+1)/2 mod n in this case).
For Z, with n even this construction does not apply since doubling is not injective.

e In Section 1 we use second degree characters for the product group G = Z,, X Z,,. In
this case the bicharacters are of the form

B()\, )\1) _ e27rz'()\,cr>\'>/n7 )\7 N\ c Zn % an

for some symmetric matrix o = (§%) € Mss(Z,). Second degree characters for
a product group can be constructed from those for the factors. For example, an
associated second degree character associated to B as above is given by

D) = Ok, 1) = Py (R (DETTR . N = (k1) € Zyy X L,

where 11,19 are second degree characters on 7Z,, associated to p and r, respectively.
e For G = 7Z,, a bicharacter is of the form

B(m,m’) _ e2m’cmm’/n’ m, m € Zn,
for some ¢ € Z,. We will describe the associated second degree characters.

For 7, with n even, the second degree characters can only be constructed by the induced
representation approach mentioned above or by guessing. We present an explicit description,
in fact, a unified formula for n even and n odd, cf. [4, 5].

Lemma 1. Given ¢ € Z,, fix a representative [c] € Z for ¢ and define

¢[c](m) _ e7ri [c] m? (n+l)/n7 m € Zn
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Then 1 = (g 1s a second degree character associated to c, that is,
w(m + m/) — w(m) w<m/) 627ricmm’/n7 m, m/ c Zn

Proof. First we point out that the choice of representatives for m in the definition of (g is
irrelevant. Indeed,

w(m + n) _ e7r7L [c] (m+n)? (n+1)/n

emildn(ntl) 2mildm(ntl) — () m € Ly,

- J/

-1 -1

_ emildm? (nt1)/n

Observe that this computation holds for any given n, be it even or odd. Thus v is well-defined
and we calculate

Y(m+m') = i e (mAm/)? (n+1)/n
_ rildm? (nt1)/n gri[dm (n1)/n 2mife]mm’ (nt1)/n

= p(m) p(m') e2riemm/n, m,m’ € Zy,. d

Remark 3. For n odd, 1|y is uniquely defined, independent on the choice of [¢|. For n even,

there are two possible vectors 14, , ¢q, depending on the choice of [c] and they differ by the
modulation

¢[C}2(m> = (_1)m w[ch(m)7 m E Zn,
cf. Remark 2.

3. THE MAIN RESULT

We use the following operators on C™.
(i) The Fourier transform F, normalized so that it is a unitary operator, is given by

1 n—1 '
Fo(m) = 7 Zv(k) e~ 2mikm/n veC.
k=0

(ii) Given an invertible element a in Z,, we write D, for the index permutation
D,v(m) = v(a"'m), veC.
(iii) Given ¢ € Z,, the chirp multiplication is denoted by R,
Rev(m) = 1g(m) v(m), veCn,

where 1q € C" is the second degree character constructed in Lemma 1, with [c] € Z denoting
some representative for ¢ € Z,,.

Lemma 2. (i) U = F satisfies (5) for A= (51}),
f’Tlef'—l _ e—27rikl/n7'le_k'
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(i) U = D, satisfies (5) for A= (2 %),

D,/ T, M;D,—1 = Ty My—1;.
(iii) U = R, satisfies (5) for A=(19),

R.TMR;" = 7T My 41,

with 7, = e™le R n+1)/n,

Proof. (i) By (1), since FM; = T)F and FFv(k) = v(—k).
(11) DaTk = TakDa and MlDa = DaMal'
(i) R.M; = MR, and R.T} = 14T, M R., cf. the derivations in the proof of Lemma 1. [

Lemma 3. Let A = (%%) € SLy(Z,). Factorize n = [, pj*, its prime decomposition, and
define ¥ = [],. pifa Di- Then ag := a + 9 b is invertible in Z,,.

Proof. We show that ag #Z 0 (mod p;), for any i. There are two cases.

First, if p; 1 a, then p; | ¥ and thus a +9Yb=a #Z 0 (mod p;).

Secondly, if p; | a, then p; 1 9. Since det A = 1, we cannot have p; | a and p; | b at the
same time. Hence, p; 1 b and thus p; 1 9b. Consequently, a + 9b = 9¥b Z 0 (mod p;). O

The next theorem is our main result, the explicit construction of metaplectic operators
on C" for an arbitrary matrix A € SLy(Z,). Given a symmetric matrix o, we denote by
U(0o) the set of all second degree characters associated to o. For the structure of W(o) recall
Remark 2.

Theorem 1. Let A= (2%) € SLy(Z,). Let 9 be given by Lemma &8 and let ag = a+ b and
co = ¢+ vd. Define the operator Uy by
Ui=R o1 Doy F' - R_oy - F - Ry,

coa

Then U is unitary and satisfies (5) for some 1p € U(oy).
Proof. Since a = ag — 9b and ¢ = ¢y — 9d,

a b\ f(ay D 1 0
(7) (c d) = (co d) (—19 1)‘
Observe that the first and third matrix in (7) belong to SLy(Z,) and hence so does the

second. Since a is invertible by Lemma 3, we obtain d = a, s agy 'b¢y and thus we can
make use of the Weil decomposition ([22], see [18, Sec.4.3])

Qo b [ Go b
Co d) Co aal—i— aalbco
(1 0\ [a O 1 ag'b
(8) N (coagl 1) (O aal) (0 1 )
(1 0\ [a 0\ [0 -1 1 0\/0 1
“\eoag! 1)\0 a')\1 0O —ag'b 1) \-1 0/}
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Combining (7) and (8),

(¢ 0) = (o (5 ) G 0) G ) (5 0) (5 )

Thus (5) follows from Lemma 2 and the repeated use of Lemma 9, stated and proved in
Section 4. ]

Remark 4. We briefly mention one of the constructions of metaplectic operators in the setting
of arbitrary locally compact abelian groups in [22], see also [18]. Applied to our setting it
reads as follows. Given A = (2Y) € SLy(Z,,) and ¢ € U(0,), define the operator V' by

Vo(k) =Y wv(ak+bl)y(k,D), veC
lEZn

Then a straight-forward computation shows that
(9) T MV = (k1) VTagoi Megyar, k,l € Zy.

However, it is important to note that without additional assumptions V' need not be invertible
and thus (9) does not imply (5) (with U = V~!). For example, A = id € SLy(Z,,) yields
o4 = 0, and the character 1 (k,1) = >/ belongs to ¥(o4) = ¥(0) by Remark 2(ii); it
turns out that V' = 0.

4. PRELIMINARY RESULTS

We defined the Heisenberg group H,, = H(Z,) in the form of the Schrédinger representa-
tion, i.e., by time-frequency shift operators. It is known that the Schrédinger representation
is irreducible [11] and by Schur’s lemma this fact is equivalent to the following result. For
convenience we include a short direct proof.

Lemma 4. Suppose that an operator () satisfies

Qr(\) =7(\)Q, forall N € Z,, X Z,,, 1i.e.,

QTle = TleQ, fO?" all k’,l S Zn
Then Q is a scalar multiple of the identity operator, () = ¢ -id for some c € C.
Proof. Since ) commutes with the modulation M; the matrix elements of () = (Qk,l) satisfy
Qpy e™Um = e2mik/n Q. Hence Qp; = 0 when k # [, that is, Q is given by a diagonal matrix.
In other words, @ is a multiplication operator, Qu(m) = g(m)v(m), for some ¢ € C". Since

@ also commutes with the translation 7}, it follows that ¢(m) = ¢ must be constant. Thus
Qv = ¢ - v for some ¢ € C. O

We use the following consequence of Lemma 4.

Lemma 5. Given A = (2%) € SLy(Z,), the following holds. Two unitary operators U =
U, Uy satisfy (5) for the same ¢ € V(o) if and only if Uy = Uy for some 7 € T.



8 H. G. FEICHTINGER, M. HAZEWINKEL, N. KAIBLINGER, E. MATUSIAK, AND M. NEUHAUSER

Proof. By assumption U;r(A\)U; ' = Uyr(M\U; ! for all A € Z, x Z,. In other words the
operator @ := U; 'U, satisfies Qm(\)Q ™' = m(\). Hence Lemma 4 implies Q = cid, for
some ¢ € C. Since @ is unitary ¢ € T. O

The next lemma describes the inner automorphisms of H,. Note that for A = (}9) we
have 0 = 0 and by Remark 2(ii) the associated second degree characters are just the usual
characters. That is, if y € ¥(o) = ¥(0), then y(\) = >N/ for some p € Zy X Zy.

Lemma 6. Given N = (K',l') € Z, X Z,, the operator W = w(X') satisfies (5) for A =id =
(67),
Wa(A\)W L = 2miA/m g (\),

with p = JXN = (=, k), where J :=r — " = (9 7').
PTOOf' By USing (1)7 (Tk’Ml’)_lTleTk/Ml/ = M—I’T—k’TleTk/Ml/ — eQﬂi(k/l—kl’)/nTle. D

The next result describes the relation between different intertwiners that correspond to
the same A € SLy(Zy,).

Lemma 7. Given A € SLy(Zy,), suppose that a unitary operator U = Uy satisfies (5), for
some ¥ = 1y € V(o). Then a unitary operator U = U, satisfies (5), for some, possibly
different ¢ = 1y € V(o) if and only if Uy = UW for some W € H,,.

Proof. (=) Since by assumption
Urr(NU; = (M) (AN)  and
Usm(AN)Uy ' = 1ha(A)7(AN)

we conclude that the operator W := U; ' U, satisfies

—1_¢2(>\)7r
(10) W)W = S8,

By Remark 2 the quotient x(\) := t9(A\)/91(N) is a character. By Lemma 6 there is an
element W = W, € H,, such that (10) holds. By Lemma 5 the choice of W is unique up to
a scalar 7 € T, i.e., W = 7W,. Therefore also W belongs to H,.
(<) By Lemma 6 the operator Uy = U; W satisfies
UWa(\W U = x(NUir (AU = x(AN)r (M) (AN),
and we note that by Remark 2 the function 1y := x1; indeed belongs to ¥(o). 0
The following lemma formulates useful modifications of second degree characters.

Lemma 8. Given A, B € SLy(Z,,), let ¥4 € \I/(JA) and Yp € V(op).
(i) The complex conjugate or reciprocal 14 = ;" belongs to W(—ay4).
(i) P(N) == Ya(A=IN) belongs to U(o4-1).

(iil) ¥(A) := Ya(BX)g(N) belongs to W(oap).
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Proof. (i) By direct computation, ¢4 = ¢ satisfies (3) with o replaced by —o.
(ii) ¢ satisfies (3) with o replaced by
~ATo A = (k= ATTRAT) =041,
(iii) v satisfies (3) with o replaced by
BYosB +op = (B"ATkAB — BTkB) + (B"kB — k) = B'AT"kAB — k = 043. O

Next, we show how to obtain intertwiners that correspond to inverses or products of
matrices A, B € SLy(Z,,).

Lemma 9. Given A, B € SLy(Zy,,), let U = Uy, Ug satisfy (5) for s € ¥(oa), g € Y(op),
respectively.

(1) U := (Ua)~" satisfies (5) for A=t € SLy(Zy,) and some ) € U(o4-1).

(ii) U := UaUg satisfies (5) for AB € SLy(Zy) and some 1) € V(oap).

Proof. (i) By assumption we have
Uar(NUL" = pa(N)m(AN)
and hence the substitution A — A7\ allows us to write
Udtn(ANUs = wa(A I\ (ATIN).
Since by Lemma 8(ii) the function A — 1 4(A~\) belongs to (o 4-1) we thus conclude that
U = U;" satisfies the intertwining identity (5) with A replaced by A~1.
(ii) Here we have
UaUpm(NUG'UL = Y\ Uam(BAUL" = Ya(BA)Yp(N)m(ABX).
By Lemma 8(iii) the function A — 4 (BA)¥p(A) belongs to V(o45) and hence U = UpUp
satisfies the intertwining identity (5) with A replaced by AB. 0

Remark 5. By Proposition 1 the set

{(A,0): A € SLo(Zy), ¥ € U(a)}.

can be identified with a class of automorphisms of the Heisenberg group H,, = H(Z,). More
precisely it constitutes the group of those automorphisms that leave the center pointwise
fixed, see Remark 1. It is interesting to observe that Lemma 8 shows that the group law is
given by (A, 1¥4) o (B,v¥p) = (AB, ), where

Y(A) = Ya(BX) ¥p(N), \NEZ,.

Beyond our scope one can show that for each A € SLy(Z,,) two elements 1}, ¥4 € U(o4)
can be chosen in such a way that {(A,v}), (A, ¥%): A € SLy(Z,)} is a subgroup, a double
cover of SLy(Z,,). Correspondingly for every A € SLo(Z,,) two U can be selected in such a
way that they also form a group and there exists a homomorphism (A, ) — U which is a
unitary representation of the double cover. This is the concrete picture for Z,, of the general
paradigm of the metaplectic representation on locally compact abelian groups in [22].
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We mention that a simple extension of the material in [16] of the case n an odd prime
shows that for n odd, in fact, one element of W(o4) for each A can be chosen in such a way
that indeed a representation of SLy(Z,,) is obtained, see also [6].

5. APPLICATION TO (GABOR FRAMES

The metaplectic representation is an important technique in time-frequency analysis. It
is developed and applied as a general framework, e.g., in [9, 10], [12, Sec.9.4], and it is often
used as a tool both in continuous-time and finite settings, such as in [14]. We describe the use
of our results for Gabor frames in C", for the relevant notation see [19] and [7, Chapter 10].

Given a Gabor window v € C" and a time-frequency lattice A C Z,, x Z,,, the family

G, A) == {r(AN)v: A € A} ={TpMw: (k1) € A}

is called a Gabor system. The interesting systems are those that span C", they are exactly
the regular Gabor frames for C". The system G(v,A) is a Gabor frame if and only if the
frame operator

Soau =Y (u,w(No)r(\)v,  ueC",
AEA

is invertible. The focus of many questions and results in Gabor analysis is the dual window v,
defined for a Gabor frame G(v, A) by

v=2S, \v.

Most importantly, the dual window v allows us to reconstruct any vector u € C" from its
Gabor coefficients (u, 7(\)v) with respect to v. Indeed one has the frame expansions

u="Y (u,7(MN)r(\)T =Y (u,7(NT)r(\)v, for all u € C".

AEA AEA

The standard time-frequency lattices are rectangular lattices Ay = rZ,, X sZ,, with r,s
divisors of n. For this case there are fast algorithms for computing v by making use of
the FFT (fast Fourier transform), see [19] and the list of references therein. An important
application of the metaplectic operators is that they allow us to apply the techniques designed
for the case of a rectangular lattice also to more general time-frequency lattices. The method
is formulated in the corollary below, it is analogous to the continuous-time case in [12,
Proposition 9.4.4]. We use the following lemma.

Lemma 10. A general lattice A C Z,, X Z,, can always be written A = ANy, where Aq is a
rectangular lattice and A € SLy(Zy,).

Proof. We identify the finite lattice A in Z,, X Z, with an infinite lattice A of Z x Z, its
preimage A under the canonical epimorphism Z — Z,,. Denote by Ms5(Z) the set of 2 x 2
matrices with integer entries, and by SLy(Z) denote the corresponding special linear group of
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matrices with determinant 1. Let _I_J € My 5(Z) be a generator matrix for A, i.e., the columns
of L are generators of the lattice A,

A=L(Zx 7).
The Smith normal form of integer matrices allows us to write
L=ALyB,
where A, B belong to SLy(Z) and Ly € My o(Z) is diagonal. Hence,
(11) A= AA,,

with Ay generated by Ly. Note that B leaves Z x Z invariant, i.e., B(Z x Z) = Z x 7Z, as
well as n(Z x Z). Hence we can consider all integers modulo n and thus the splitting (11) of
A in Z x Z yields the desired splitting A = A Ay in Z,, X Zy,. U

Theorem 1 and Lemma 10 allow us to use the metaplectic operators for time-frequency
analysis in C" in a similar way as they are used in the continuous-time setting [12, Sec. 9.4].
The next result illustrates this fact.

Corollary 1. Let A C Z,, X Z,, be a general lattice and v € C". Write A = A\ as described
in Lemma 10; let U = Uy be given by Theorem 1; and let vy := U ‘v € C*. Then the
following are equivalent:

(i) G(v,A) is a Gabor frame, with dual window v,

(i) G(vo, Ao) is a Gabor frame, with dual window vy,

and the dual windows are related to each other by v = Uwy.

Proof. By Theorem 1 we have for u € C",
USyongU tu = Z (U u, m(N)vg) Um(N)vg

= (u, Ur(N)U ") Ur (N U v

= Ya(\) aA) Y (u,m(ANv) (AN

-1 A€Ag
= Z u, 7T )U = SvAu
AEA

and hence 0 = S, v = (USy, 2, U)o =US, '

0, Ao

= Uvy. U

The corollary allows us to obtain the dual window for G(v,A) by computing the dual
window for G(vg,Ag). Since in this computation the general lattice A is replaced by the
rectangular lattice Ag, the fast algorithms mentioned above can be used.
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6. FINAL REMARKS

While our paper is focused on a complete and explicit construction for the “one-dimensio-
nal” case Z,, several parts of our presentation are also valid for the “multi-dimensional” case

72, d > 1, where A consists of four d x d blocks. In this general case the condition det A = 1

which ensures that ¢ = 0,4 is symmetric must be replaced by the conditions a’c = c’a,

b'd = d'b, and a¥d — ¢T'b = 1. Such A that satisfy these conditions are called symplectic.

A usual way to express that A is symplectic is the equivalent condition ATJA = J, with

J=(97") as in Lemma 6.

For the special case Z, used in our paper we have that A is symplectic if and only if
det A = 1. In other words, the symplectic group over Z, is the special linear group SLy(Z,,).

Remark 6. The limitations of the transition from Z,, to Z¢ are analogous to the continuous-
time case R to R discussed in [10, 12]. Indeed, for d = 1 (i) the symplectic group reduces to
the special linear group and (ii) an arbitrary lattice can be reduced to a rectangular lattice
by a symplectic transformation (see Lemma 10). For d > 2 these simplifications do not hold.
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